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1. Introduction
All graphs considered here are connected and simple. The distance between vertices u and v is
denoted by d(u, v). The diameter of a graph is the maximal distance between any two vertices. Denote
by V(G) and E(G) the vertex set and edge set of a graph G, respectively. For S ⊆ V(G), let G[S] be the
subgraph induced by S. The set of the neighbors of a vertex v is denoted by NG(v).
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Let A(G) be the adjacency matrix of a graph G and D(G) be the diagonal matrix of vertex degrees.
The matrices L(G) = D(G) − A(G) and Q (G) = D(G) + A(G) are called Laplacian matrix and Q-matrix of
graph G, respectively. The characteristic polynomial of L(G) is denoted by PL(G)(x). It is known that
the spectral radius of a positive semidefinite matrix or nonnegative matrix is its largest eigenvalue.
Clearly, L(G) and Q (G) are both positive semidefinite. The spectral radius of A(G), L(G) and Q (G) are
denoted by ρ(G),μ(G) and σ(G), respectively. Q (G) is irreducible nonnegative for a connected graph G,
so from the Perron–Frobenius theorem, there is a uniquepositive unit eigenvectorX = {xv1 , xv2 , . . . , xvn }
corresponding to σ(G), where xvi corresponds to vertex vi. This eigenvector is called Perron vector of
Q (G). Since Q (G)X = σ(G)X , xu = xv for any two vertices u and v with the same neighbors.
The investigation on the (adjacency) spectral radius or Laplacian spectral radius of graphs is an
important topic in the theory of graph spectra. The problem concerning graphs with the maximal
(minimal, respectively) spectral radius of a given class of graphshas been studied extensively. Specially,
for given order n and diameter d, Dam [10] determined general graphs with the maximal spectral
radius; Zhai et al. [11] characterized bipartite graphs with the maximal spectral radius.
At the same time, there are also some results about Laplacian spectral radius of given class of graphs.
Zhang and Zhang [12] gave the graph with the largest Laplacian spectral radius among all bipartite
graphs with n vertices and k cut edges. Feng et al. [3] gave the extremal trees that attain the minimal
Laplacian spectral radius when domination number is 2, 3 or 4.
This paper focuses on Laplacian spectral radii of bipartite graphs and general graphs with given
diameter. LetBn,d be the set of bipartite graphs on n verticeswith diameter d, andG = G(n0,n1, . . . ,nd)
be the graph with V(G) = ∪d
i=0Vi,G[Vi] ∼= niK1(0 i  d),G[Vi ∪ Vj] ∼= Kni ,nj if |i − j| = 1 and G[Vi ∪
Vj] ∼= (ni + nj)K1 otherwise. It is known [1] that for any graphH,μ(H) = n if and only if the complement
of H is not connected. For d = 1, 2, all graphs inBn,d are complete bipartite and hence they have the
same Laplacian spectral radius n. Sections 2 and 3 show that G
(
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(see Fig. 1) has
the largest Laplacian spectral radius inBn,3. And for d  4,G
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(see Fig. 2, where⌈
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· 1 denotes that there are
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d
2
⌉
consecutive Vi’s with one vertex) has the largest Laplacian spectral
radius in Bn,d. In the last section, we determine all the general graphs with given diameter which
attain the largest Laplacian spectral radius.
2. Characterization of extremal bipartite graphs
Lemma 2.1 [8,9]. For a connected graph G,μ(G) σ(G), with equality if and only if G is bipartite.
By the lemmaabove,μ(G) = σ(G) for anybipartite graphG. Hencewe can studyQ (G) and its spectral
radius σ(G) instead of L(G) and μ(G), where σ(G) is also denoted by σ for the simplicity.
Let G be a graph inBn,d. Clearly there exists a partition V0,V1, . . . ,Vd of V(G) such that |V0| = 1 and
d(u, v) = i for each vertex v ∈ Vi and u ∈ V0(i = 0, 1, . . . , d). Each Vi is called a partition set.
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Lemma 2.2. For any graph G ∈Bn,d with vertex partition above,G[Vi] induces an empty graph (i.e. con-
taining no edge) for each i ∈ {0, 1, . . . , d}.
Proof. Suppose thatk ∈ {1, 2, . . . , d} such thatx, y ∈ Vk andxy ∈ E(G). ThusdG(x,u) = dG(y,u) = k,where
u ∈ V0. And hence there is a closed walk of length 2k + 1 in bipartite graph G, a contradiction. 
Lemma 2.3. Let Gd ∈Bn,d with the maximal Laplacian spectral radius, then Gd[Vi−1 ∪ Vi] induces a com-
plete bipartite subgraph for each i ∈ {1, 2, · · · , d}, and |Vd| = 1 if d  3.
Proof. It is known [2] that the increase of any element of a non-negative irreducible matrix increases
the spectral radius. Since Q (Gd) is irreducible, the ﬁrst conclusion is clear. Now let d  3, x ∈ Vd and
y ∈ Vd−3. If |Vd| 2, then Gd + xy ∈Bn,d and σ(Gd + xy) > σ(Gd), a contradiction. 
By virtue of Lemmas2.2 and2.3, ifGd(d  3)has themaximal Laplacian spectral radius inBn,d, then
any two consecutive partition sets induce a complete bipartite subgraph. Moreover, |V0| = |Vd| = 1.
Thus we can denote Gd by G(n0,n1, . . . ,nd), where ni = |Vi| (see Figs. 1 and 2).
Lemma 2.4. Let G be a connected graph,  be its maximum degree, di be the degree of vertex vi and
mi = vj∈N(vi)dj/di. Then
(i) [4] μ(G) + 1, the equality holds if and only if  = n − 1.
(ii) [6] μ(G) 2
√
1
n
∑n
i=1 d2i if G is bipartite, the equality holds if and only if G is a regular bipartite
graph.
(iii) [1] μ(G)max{di + dj|vivj ∈ E(G)}, the equality holds if and only if G is either a regular bipartite
graph or a semiregular bipartite graph.
(iv) [7] μ(G)max{di + mi|vi ∈ V(G)}, the equality holds if and only if G is either a regular bipartite
graph or a semiregular bipartite graph.
Theorem 2.5. The graphG3 = G
(
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⌉
,
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⌋
, 1
)
is the unique graphwith the largest Laplacian spec-
tral radius inBn,3. Moreover,max
{
n − 9
2n
,n − 1
}
< μ(G3) < n −
⌈
n
2
⌉−1
.
Proof. Let G(1, a, b, 1) ∈Bn,3 with the maximal Laplacian spectral radius, where a + b = n − 2. It suf-
ﬁces to prove that a · b must obtain the maximum value. Let X be the Perron vector of Q (G(1, a, b, 1)),
where xi corresponds to vertices in Vi(0 i  3). Since Q (G(1, a, b, 1))X = σX , we have
(σ − a)x0 = ax1, (σ − b)x3 = bx2,
(σ − 1 − b)x1 = x0 + bx2, (σ − 1 − a)x2 = x3 + ax1.
Thus
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(
σ − 1 − b − a
σ − a
)
x1 = bx2,
(
σ − 1 − a − b
σ − b
)
x2 = ax1,
and hence
ab =
(
σ − 1 − b − a
σ − a
)(
σ − 1 − a − b
σ − b
)
.
Note that a + b = n − 2 and a2 + b2 = (n − 2)2 − 2ab, we have
ab = (σ − 1)(σ − n + 2) + (σ − 1)(σ − n + 2) − (σ + n − 3)(n − 2)
σ − n .
By Lemma 2.4, σ > 1 + n+2
2
. Let f (σ ) denote the right side of the above equality, then f ′(σ ) =
(2σ − n + 1) + (σ−n+1)2+σ+2n2−7n+7
(σ−n)2 > 0. And hence f (σ ) is increasing on σ . This indicates that abmust
reach the maximum value when σ attains the maximum value.
It is easy tocheck thatμ(G3) < max{di + mi} = n −
⌈
n
2
⌉−1
andμ(G3) > 2
√
1
n
∑n
i=1 d2i > n − 92n .More-
over, since G3 is the extremal graph, μ(G3) > μ(G(2 · 1,n − 3, 1)) > 1 + = n − 1. The bounds are
obtained. 
By Theorem 2.5, the case d = 3 is completely solved. The following theorem characterizes the
extremal graph for d  4. Its proof is postponed to the next section.
Theorem 2.6. For d  4,Gd = G
(⌈
d
2
⌉
· 1,n − d,
⌊
d
2
⌋
· 1
)
is the unique graph with the largest Laplacian
spectral radius inBn,d. Moreover, n − d + 3 − (n − d)−1 < μ(Gd) < n − d + 3.
Remark 2.7. Let Gd have the largest Laplacian spectral radius inBn,d. μ(G2) = n, since G2 is complete
bipartite. By Theorems 2.5 and 2.6, n − d + 2 < μ(Gd) < n − d + 3 for 3 d  n − 1. Thus μ(Gd) is a
decreasing function on d.
3. The proof of Theorem 2.6
Lemma 3.1. Let Gd ∈Bn,d(d  4) with the maximal Laplacian spectral radius, then n − d + 3 − (n −
d)−1 < μ(Gd) < n − d + 3. Moreover, |a − b| 3 for any two partition sets Va and Vb containing more
than one vertex.
Proof. First consider a graph G∗ = G(2 · 1,n − 4, 2 · 1) inBn,4:
PL(G∗)(x) = |xIn − D + A| = x(x − 2)n−5[x2 − (n − 2)x + (n − 4)](x2 − nx + n)
and hence
μ(G∗) = n +
√
n(n − 4)
2
. (1)
Note that
n+
√
n(n−4)
2
> (n − 4) + 3 − (n − 4)−1 for n 5. Since Gd has the largest Laplacian spectral
radius inBn,d, then for d  4,μ(Gd) μ(G∗) > (n − 4) + 3 − (n − 4)−1  n − d + 3 − (n − d)−1.
Besides, for any edge vivi+1 ∈ E(Gd) with vi ∈ Vi and vi+1 ∈ Vi+1, di + di+1 =
∑i+2
j=i−1 nj . Thus by
Lemma 2.4, μ(Gd) < maxvivj∈E(G){di + dj} n − d + 3. Moreover, if there exist two partition sets Va,Vb
containing more than one vertex and |a − b| 4, then μ(Gd) < n − d + 2, which contradicts the lower
bound of μ(Gd). 
Lemma 3.2. Let Gd ∈Bn,d(d  4) with the maximal Laplacian spectral radius, then |a − b| /= 3 for any
two partition sets Va and Vb containing more than one vertex.
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Fig. 3. Graph G with pendent path v0v1 · · · vk .
Proof. Assume that |Va|, |Va+3| 2. By Lemma3.1, |Vi| = 1 for i  a − 1 and i  a + 4. Let vi be a vertex
in Vi(i = 0, 1, . . . , d). We observe that di + mi  da+1 + ma+1 for each i  a and di + mi  da+2 + ma+2
for each i  a + 3.Without loss of generality,wemay assume thatmaxv∈V(Gd){dv + mv} = da+1 + ma+1.
By Lemma 2.4,
μ(Gd) < da+1 + ma+1 = na + na+2 +
na(na+1 + 1) + na+2(na+1 + na+3)
na + na+2
=
a+3∑
i=a
ni − na(na+3 − 1)na + na+2 = n − d + 3 −
na(na+3 − 1)
na + na+2 .
Since μ(Gd) > n − d + 3 − (n − d)−1, na(na+3−1)na+na+2 < (n − d)−1. Therefore
na+2 > na[(n − d)(na+3 − 1) − 1] 2(n − d − 1),
since |Va| 2 and |Va+3| 2. And hence
n − d + 3 =
a+3∑
i=a
ni  na+2 + 5 > 2(n − d) + 3,
a contradiction. 
Lemma 3.3 [6]. Let u, v be two vertices of a graph G and vi ∈ NG(v) \ NG(u)(1 i  s), where each vi is
different from u. Let X = (x1, x2, . . . , xn) be the Perron vector of Q (G). Let G∗ be the graph obtained from G
by deleting the edges vvi and adding the edges uvi(1 i  s). If xu  xv, then σ(G) < σ(G∗).
Lemma 3.4. Let Gd ∈Bn,d(d  4) with the maximal Laplacian spectral radius, then |a − b| /= 2 for any
two partition sets Va and Vb containing more than one vertex.
Proof. Assume that |Va|,Va+2| 2. By Lemmas 3.1 and 3.2, |Vi| = 1 for i  a − 1 and i  a + 3. Let vi
be a vertex in Vi(i = 0, 1, . . . , d) and X be the Perron vector of Q (Gd). Without loss of generality, wemay
assume that xa−1  xa+3. By Lemma 3.3, σ(Gd − vava−1 + vava+3) > σ(Gd). Since G∗ = Gd − vava−1 +
vava+3 ∈Bn,d with |V∗a | = |Va| − 1 and |V∗a+2| = |Va+2| + 1 (where V∗a is a corresponding partition set
of V(G∗)), it contradicts the definition of Gd. 
Lemma 3.5. Let G be a graph with pendent path v0v1 · · · vk (see Fig. 3) and X be the Perron vector of Q (G).
Let f1(σ ) = σ − 1, fi(σ ) = σ − 2 − f−1i−1(σ )(i  2). If σ = σ(G) 4, then for i = 0, 1, . . . , k − 1,
(i) fi(σ ) > fi+1(σ ) > 1;
(ii) limi→∞ fi(σ ) = σ−2+
√
σ2−4σ
2
;
(iii) xi = fk−i(σ )xi+1.
Proof. (i) The result is clear by induction on i.
(ii) Since fi(σ ) is decreasing on i and has lower bound, it has limit. Passing to limits on both sides of
equality fi(σ ) = σ − 2 − f−1i−1(σ ), we can obtain the result.
(iii) Since Q (G)X = σX , we have (σ − 1)xk = xk−1 and (σ − 2)xi = xi−1 + xi+1(i = 1, 2, · · · , k − 1). By
these equalities, we can deduce that xi = fk−i(σ )xi+1. 
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Lemma 3.6. Let Gd ∈Bn,d(d  4) with the maximal Laplacian spectral radius, then there exists at most
one partition set containing more than one vertex.
Proof. Assume that there are two partition sets containing more than one vertex. By Lemmas 3.1,
3.2 and 3.4, we may denote the extremal graph Gd by G(a · 1,na,na+1, b · 1), where a + b = d − 1 and
na,na+1  2. Let s = n − d, then na + na+1 = s + 1 and s  3. By Lemma 3.1, σ(Gd) > n − d + 3 − (n −
d)−1. We can assume without loss of generality that a, b 2, otherwise, we consider the graph G∗ =
G((a + 1) · 1,na,na+1, (b + 1) · 1). Note that G∗ ∈Bn+2,d+2 and
σ(G∗) > σ(Gd) > n − d + 3 − (n − d)−1
= (n + 2) − (d + 2) + 3 − [(n + 2) − (d + 2)]−1.
Let X be the Perron vector of Q (Gd). Since Q (Gd)X = σX , we have
(σ − 1 − na)xa−1 = xa−2 + naxa, (σ − 1 − na+1)xa+2 = xa+3 + na+1xa+1, (2)
(σ − 1 − na+1)xa = xa−1 + na+1xa+1, (σ − 1 − na)xa+1 = xa+2 + naxa. (3)
By Lemma 3.5,
xa−1 = fa−1(σ )xa−2, xa+2 = fb−1(σ )xa+3. (4)
By equalities (2)–(4), we have[
σ − 1 − na+1 − na
σ − 1 − na − f−1a−1(σ )
]
xa = na+1xa+1,
[
σ − 1 − na − na+1
σ − 1 − na+1 − f−1b−1(σ )
]
xa+1 = naxa
and hence
nana+1 =
[
σ − 1 − na+1 − na
σ − 1 − na − f−1a−1(σ )
]
×
[
σ − 1 − na − na+1
σ − 1 − na+1 − f−1b−1(σ )
]
. (5)
(i) For s  10, note that
σ(Gd) > n − d + 3 − (n − d)−1 = s + 3 −
1
s
, (6)
by Lemma 3.5, f−1
i
(σ ) < 2
σ−2+
√
σ2−4σ
< 1s for any i and s  2. Since na + na+1 = s + 1 and n2a + n2a+1 =
(s + 1)2 − 2nana+1, by equality (5), we have
nana+1 >
[(
na + 1 − 1
s
)
− na
na+1 + 1 − 2s
][(
na+1 + 1 − 1
s
)
− na+1
na + 1 − 2s
]
.
And hence
1 − 3s
s2
+ (s + 2)nana+1 − (s + 1)(s + 2 − 2/s)
snana+1 + (s − 2)(s + 2 − 2/s) < 0. (7)
Let g1(s) denote the left side of inequality (7). Note that nana+1  2(s − 1), thus
g1(s)
1 − 3s
s2
+ 2(s − 1)(s + 2) − (s + 1)(s + 2 − 2/s)
2s(s − 1) + (s − 2)(s + 2 − 2/s)
= (s − 1)g2(s)
s2(3s − 2)(s2 − 2) ,
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Table 1
The Laplacian spectral radii of several speciﬁc graphs.
G(3 · 1, 3, 2 · 1) G(2 · 1, 4, 2 · 1) G(2 · 1, 5, 2 · 1) G(2 · 1, 6, 2 · 1)
5.8156 6.8284 7.8541 8.8730
G(2 · 1, 7, 2 · 1) G(2 · 1, 8, 2 · 1) G(2 · 1, 9, 2 · 1)
9.8875 10.8990 11.9083
where g2(s) = s4 − 9s3 − 4s2 + 14s − 4. We observe that g2(10) = 736 > 0 and g′2(s) > 0 for s  10.
Hence g1(s) > 0, which contradicts inequality (7).
(ii) Now let 3 s  9. We can obtain the Laplacian spectral radii of several graphs byMATLAB (see
Table 1).
Since Gd is the extremal graph, σ(Gd) 5.8156 when s = 3 and d  5, σ(Gd) 6.8284 when s = 4
and d  4, σ(Gd) 7.8541 when s = 5 and d  4, and so on. Replacing (6) with these inequalities,
we can similarly get contradictions. When s = 3 and d = 4, direct calculations give ρ(G(1, 1, 2, 2, 1)) <
ρ(G(1, 1, 3, 1, 1)), a contradiction. 
Lemma 3.6 shows that there exists at most one partition set containingmore than one vertex in the
extremal graph Gd, that is, Gd ∼= G(a · 1, s, c · 1) for some a and c with a + c = d. To obtain the extremal
graph G
(⌈
d
2
⌉
· 1,n − d,
⌊
d
2
⌋
· 1
)
, next we have to show that the two pendent paths in the extremal
graph are almost of the same length.
Lemma 3.7. Let Gd ∼= G(a · 1, s, c · 1) have the maximal Laplacian spectral radius in Bn,d(d  4), then
|a − c| 1.
Proof. We assume without loss of generality that c  a. It sufﬁces to prove that c  a + 1. If not,
c  a + 2. Let vi be a vertex in Vi, where |Vi| = 1 for each i /= a and |Va| = s. Let X be the Perron vector
of Q (Gd), whose coordinate xi corresponds to vertices in Vi(i = 0, 1, . . . , d). If s = 1,Gd is a path and the
result is clear. Now let s  2.
(i) First assume that s  3 and a 2. Since Q (Gd)X = σX , we have
(σ − 1 − s)xa−1 = xa−2 + sxa, (σ − 1 − s)xa+1 = xa+2 + sxa, (8)
By Lemma 3.5,
xa−1 = fa−1(σ )xa−2, xa+1 = fc−1(σ )xa+2, (9)
xa−1 = fa−1(σ )fa−2(σ ) · · · f1(σ )x0, xa+1 = fc−1(σ )fc−2(σ ) · · · f2(σ )xd−1, (10)
By equalities (8) and (9),
(σ − 1 − s − f−1
a−1(σ ))xa−1 = (σ − 1 − s − f−1c−1(σ ))xa+1. (11)
By equalities (10) and (11),
[σ − 1 − s − f−1
a−1(σ )]f1(σ )x0 = [σ − 1 − s − f−1c−1(σ )]fc−1(σ )fc−2(σ ) · · · fa(σ )xd−1.
(12)
Note that fi(σ ) > fi+1(σ ) > 1, f1(σ ) = σ − 1 and fi(σ ) = σ − 2 − f−1i−1(σ ) for i  2
[σ − 1 − s − f−1
c−1(σ )]fc−1(σ )fc−2(σ ) · · · fa(σ ) − [σ − 1 − s − f−1a−1(σ )]f1(σ )
 [σ − 1 − s − f−1
c−1(σ )]fc−1(σ )fa(σ ) − [σ − 1 − s − f−1a−1(σ )](σ − 1)
 (σ − 1 − s)[fc−1(σ )fc−2(σ ) − (σ − 1)] − fa(σ ) + f−1a−1(σ )(σ − 1)
= (σ − 1 − s)[(σ − 2)(σ − 3 − f−1
c−3(σ )) − 2] − (σ − 2) + σ f−1a−1(σ )
> (σ − 1 − s)[(σ − 2)(σ − 3 − 1/s) − 3] − (s − 1) + 1, (13)
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since σ > s + 3 − 1/s and f−1
i
(σ ) < 1/s for each i and s  2. Let h1(σ ) denote the right side of inequality
(13). Since s  3,h1(σ ) is increasing on σ and hence
h1(σ ) > (2 − 1/s)[(s + 1 − 1/s)(s − 2/s) − 3] − s + 2 = h2(s)/s3,
where h2(s) = 2s5 − 11s3 + 2s2 + 6s − 2. Note that h′2(s) > 0, therefore h1(σ ) > 0 for s  3. By equality
(12), x0 > xd−1. Thus by Lemma 3.3, σ(Gd − vd−1vd + v0vd) > σ(Gd), which contradicts the definition
of Gd, since Gd − vd−1vd + v0vd ∈Bn,d.
(ii) When s  3 and a = 1, similar to equality (12), we have
(σ − s)x0 = [σ − 1 − s − f−1c−1(σ )]fc−1(σ )fc−2(σ ) · · · f2(σ )xd−1,
and
[σ − 1 − s − f−1
c−1(σ )]fc−1(σ )fc−2(σ ) · · · f2(σ ) − (σ − s)
 (σ − 1 − s − 1/s)f2(σ ) − (σ − s)
 (σ − 1 − s − 1/s)(σ − 2 − 1/s) − (σ − s)
= (σ − 2 − s − 1/s)(σ − 2 − 1/s) + (s − 2 − 1/s) (14)
Since s  3 and σ > s + 3 − 1/s, (14) > 0. And hence x0 > xd−1, a contradiction.
(iii) Now assume that s = 2, then (13) and (14) become
(σ − 3)[(σ − 2)(σ − 3.5) − 3], (15)
(σ − 4.5)(σ − 2.5) − 0.5, (16)
respectively. Since Gd is the extremal graph, σ(Gd) σ(G(2 · 1, 2, 2 · 1)) = 3 +
√
3, by equality (1). Thus
(15) and (16) are both positive and hence x0 > xd−1, a contradiction. 
By Lemmas 3.1, 3.6 and 3.7, we complete the proof of Theorem 2.6.
4. Determination of extremal general graphs
Let G(n, d) be the set of connected graphs with order n and diameter d. Dam [10] determined the
graph with the maximal spectral radius in G(n, d). This section will characterize the graphs with the
maximal Laplacian spectral radius in G(n, d). Clearly, G(n, 1) = {Kn} and μ(Kn) = n. Now consider the
case d  2. First introduce some notations. Let G = G+(n0,n1, . . . ,nd) be the graphwith V(G) = ∪di=0Vi,
where G[Vi ∪ Vj] ∼= Kni+nj if |i − j| = 1 and G[Vi ∪ Vj] ∼= Kni ∪ Knj otherwise. For two graphs G1 and G2,
we denote G1 ⊆ G2, if V(G1) = V(G2) and E(G1) ⊆ E(G2).
Lemma4.1 [5]. Let S = {v1, v2, . . . , vs}(s  2)be a vertex subset of a connected graphG such thatG[S] = sK1
and NG(v1) = NG(v2) = · · · = NG(vs). Let G be the graph obtained from G by adding any t
(
0 t  s(s−1)
2
)
edges among the vertices in S. Then μ(G) = μ(G).
By Theorems 2.5, 2.6 and Lemma 4.1, the following theorem is clear.
Theorem 4.2. (i) G has the maximal Laplacian spectral radius inG(n, 2) if and only if
Ks,n−s ⊆ G ⊆ Kn − e
for some 1 s  n − 1 and edge e. Moreover,μ(G) = n.
(ii) G has the maximal Laplacian spectral radius inG(n, 3) if and only if
G
(
1,
⌈
n − 2
2
⌉
,
⌊
n − 2
2
⌋
, 1
)
⊆ G ⊆ G+
(
1,
⌈
n − 2
2
⌉
,
⌊
n − 2
2
⌋
, 1
)
.
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(iii) G has the maximal Laplacian spectral radius inG(n, d)(d  4) if and only if
G
(⌈
d
2
⌉
· 1,n − d,
⌊
d
2
⌋
· 1
)
⊆ G ⊆ G+
(⌈
d
2
⌉
· 1,n − d,
⌊
d
2
⌋
· 1
)
.
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